Abstract: Improved semiclassical techniques are developed and applied to a treatment of a real scalar field in a D-dimensional gravitational background. This analysis, leading to a derivation of the thermodynamics of black holes, is based on the simultaneous use of: (i) a near-horizon description of the scalar field in terms of conformal quantum mechanics; (ii) a novel generalized WKB framework; and (iii) curved-spacetime phase-space methods. In addition, this improved semiclassical approach is shown to be asymptotically exact in the presence of hierarchical expansions of a near-horizon type. Most importantly, this analysis further supports the claim that the thermodynamics of black holes is induced by their near-horizon conformal invariance.
Introduction
Black-hole thermodynamics has gradually developed into a well-established branch of theoretical physics. This is due to the large body of supporting evidence grounded on fundamental principles from general relativity and quantum field theory. These concepts have been confirmed within several alternative frameworks since the 1970s [1] ; moreover, they have taken a deeper meaning through the derivation of the Bekenstein-Hawking entropy S BH [2] and the Hawking effect [3] in string theory [4] and loop quantum gravity [5] .
In particular, the main result for the entropy
i.e., its proportionality with respect to the horizon area A in Planck units, suggests that the event horizon plays a fundamental role in black hole thermodynamics. This idea, starting with the seminal works of Refs. [2] and [3] , has been used as the central concept in many recent approaches to black hole thermodynamics [1, 6] , especially following the pioneering proposal by 't Hooft [7, 8] ; in addition, it has been generalized to what is now known as the holographic principle [9, 10] . Different aspects of the connections between the horizon quantum features and the thermodynamics have been considered in various contexts, including the existence of a near-horizon conformal symmetry [11, 12, 13, 14, 15] . In our recent work of Ref. [16] we have explicitly spelled out the details of the emergence of thermodynamic behavior from the near-horizon conformal symmetry. In this paper, we reexamine the approach of Ref. [16] , within a generalization of the brick-wall model [7, 8] . This involves a real scalar field Φ in a D-dimensional spacetime (D ≥ 4), defined through its action
where m is the mass and ξ describes its possible coupling to the curvature scalar R; in this work, we have adopted the metric conventions of Ref. [17] . The spacetime metric of interest is of the form 4) which admits an explicit separation of the time coordinate: {x µ } = (t, x) and is spherically symmetric. In Eq. (1.4), g 00 ( x) and the spatial metric γ ij ( x) are time independent, while dΩ 2 (D−2) is the metric on S D−2 , the unit (D − 2)-sphere. More specifically, we require the existence of a hypersurface with f (r) = 0, which will define a horizon; this general class of metrics includes combinations of Schwarzschild, Reissner-Nordström, and de Sitter geometries, as discussed in Ref. [16] . As we will do throughout the paper, we have chosen units with = 1, c = 1, G N will be spelled out, wherever appropriate. An important ingredient of our construction is the near-horizon expansion. Let H stand for that part of the horizon defined by the largest root r = r + (excluding cosmological horizons) of the scale-factor equation f (r) = 0. Then, the near-horizon expansion is defined with respect to the variable x = r − r + ; here, x is not to be confused with the spacetime coordinates {x µ }. Given a quantity Q, for a leading order s, it will prove useful to use the notation Q(r) 
+ stands for the sth-order derivative of Q(r) at H. In particular, we will consider the nonextremal case, for which the metric (1.4) satisfies the condition f ′ + ≡ f ′ (r + ) = 0, which entails the leading-order expansion 6) and its corresponding higher orders f ′ (r) (H) ∼ f ′ + and f ′′ (r) (H) ∼ f ′′ + . The relevance of the approach of Ref. [16] lies in that it reveals some of the universal features inextricably linked to a generic underlying quantum theory of gravity-be it string theory or loop quantum gravity. Specifically, one would expect the most basic thermodynamic properties: the Bekenstein-Hawking entropy (1.1) and the Hawking temperature [3] 
to be reproduced by any sensible quantum gravitational theory. Yet, the question arises as to whether these properties emerge from more fundamental concepts dictated by the quantum nature of the fields in the presence of a horizon. Equations (1.1) and (1.7) already display their near-horizon nature, through the horizon parameters A and f ′ + . At a deeper level, as will be further discussed in this paper, the robustness of these thermodynamic results appears to rely on the following dominant building blocks [16] :
(i) The existence of a near-horizon conformal symmetry. In particular, for every frequency ω of the near-horizon leading order of the action (1.2), there exists a form of scale invariance that extends to an SO(2,1) conformal symmetry [18, 19, 20] , which is encoded through the parameter Θ = ω f ′ + .
(1.8)
In turn, the conformal parameter (1.8) determines the Hawking temperature (1.7) in a unique manner [21] .
(ii) The competition of the field angular-momentum degrees of freedom with the conformal effective interaction. This mechanism starts at the level of the spectral function N (ω) 
9) which measures the number of modes or "states" of the field. In Eq. (1.9), the parameter Θ, defined in Eq. (1.8), characterizes the effective coupling strength of conformal quantum mechanics [22] , while the angular-momentum contribution arises from the angular degrees of freedom needed in the statistical counting of modes. The competing effects involved in Eq. (1.9), associated with high angular-momentum values, will be further explored in this paper.
(iii) The singular dynamics of near-horizon conformal quantum mechanics. At first sight, this singular behavior may be dismissed by the fact that it is associated with the known removable Schwarzschild "singularity." However, upon closer examination, it is seen to induce an "ultraviolet catastrophe" in the spectral number function N (ω). This is manifested as a near-horizon divergence N (ω) (H) ∝ a −(D/2−1) , (1.10) in terms of a short-scale coordinate regulator a, which is introduced as the lower limit in the integral a dx of Eq. (1.9). This singular behavior can be traced directly to the ultraviolet singular nature of conformal quantum mechanics [22] , displayed in Eq. (1.9), and cannot be averted by the competing angular-momentum contribution. As a result, this singular behavior calls for renormalization, which is to be implemented by the introduction of a geometric radial distance away from the horizon: h D ∝ √ a. In turn, this phenomenon signals the emergence of new spacetime physics at the Planck scale ℓ P ∼ h D .
When the building blocks discussed above are systematically used within the framework of Ref. [16] , the characteristic "holographic" property of the entropy (1.1) is obtained, after renormalization [23] . In this context, the area dependence can be directly traced to the angular-momentum degrees of freedom of the quantum fields within the near-horizon conformal description.
The justification of the role played by these building blocks within the approach of Ref. [16] involves a particular form of a semiclassical approximation. This apparent restriction should not be surprising, as the use of semiclassical techniques appears to be a generic feature of all quantum-field-theory analyses of black hole thermodynamics and the Hawking effect. However, given the robustness of these results and the considerable insight gained through this approach, the semiclassical features of our problem naturally suggest a number of outstanding questions. These questions are particularly pressing considering the presence of an acute singularity of the conformal potential induced by the spacetime metric (1.4). Consequently, in this paper we will address the following issues:
(i) Is the use of semiclassical techniques justified within the highly singular framework known as conformal quantum mechanics [22] ?
(ii) Is there any preferred order for the introduction of the angular-momentum expansion vis-a-vis the radial conformal analysis?
As we will establish in the next few sections, the asymptotic exactness of the semiclassical approximation for the long-range conformal interaction is a noteworthy property that lies at the heart of these results. In addition, we will show that the stage at which the field angular-momentum expansion is introduced is immaterial. Consequently, we will provide a solid framework to justify the use and robustness of these concepts.
In Sec. 2 we derive several alternative forms of the scalar field equations in a generic gravitational background and near the horizon of a black-hole background. In Sec. 3 we introduce a generalized version of the semiclassical WKB method, which properly captures the leading-order physics in the presence of a hierarchical expansion-with the near-horizon expansion being a particular case. In Sec. 4 we develop phase-space methods for quantum mechanics and quantum field theory in curved spacetime; in addition, we combine these phase-space methods with the results of Sec. 3 to derive the spectral number function needed for the thermodynamics; moreover, we address ordering issues and show that, in the near-horizon limit, all the semiclassical methods under consideration lead to the same singular final answer. Finally, in Sec. 5, we discuss the nature of this singular result and the ensuing properties of black hole thermodynamics. The appendices extend the discussion of miscellaneous topics dealt with in various parts of the main text: effective quantum mechanics, the improved WKB method, the asymptotic exactness of WKB near-horizon conformal quantum mechanics, and momentum integrals in phase space.
Field Equations
Our goal is to derive the thermodynamic properties of the scalar field probe in the given gravitational background. This program requires counting the field modes and evaluating the spectral number function N (ω) of Eq. (1.9), from which the entropy can be computed in a direct manner. Given its critical role, Eq. (1.9) will be derived in a number of equivalent ways, each one based on an alternative representation of the Euler-Lagrange equation
arising from the action (1.2), which is satisfied by the scalar field in the black-hole gravitational background.
As discussed in Sec. 1, it is the interplay between the conformal interaction and the angular-momentum degrees of freedom that leads to the characteristic thermodynamics of black holes, summarized in Eq. (1.1). As the angular-momentum operators of the field can be introduced at different stages in the reduction of the field equations, this immediately suggests several possible algorithms for the computation of the relevant spectral functions leading to the thermodynamics. It is the purpose of this section to derive and compare the different field equations arising from these alternative algorithms.
A complete characterization of the behavior of the scalar field Φ can be achieved by considering its operator expansion. As a first step, the static character of the metric (1.4) implies the existence of a Killing vector field ∂ t , orthogonal to spacelike hypersurfaces, thus permitting two immediate simplifications: (i) separation of the time coordinate t; and (ii) resolution into Fourier modes (proportional to e ∓iωt ). Correspondingly, the quantum field operator Φ, defined by the action (1.2), can be expanded in the form
2) with a † s and a s being the creation and annihilation operators, and where φ s ( x) is a complete set of orthonormal functions labeled by the multi-index s. The separation of the time coordinate involved in Eq. (2.2) implies, from Eq. (2.1), that the modes φ s ( x) satisfy the equation∆
in which
and∆ (γ) is the spatial Laplace-Beltrami operator with respect to the spatial metric γ ij ( x).
As discussed at the beginning of this section, several possible paths can be taken to describe the relevant physics. The first obvious path consists in the elimination of firstorder derivatives in Eq. (2.3) by means of the substitution
The Liouville transformation [24] defined by Eq. (2.5) reduces Eq. (2.3) to its normal form [25] 
and produces extra terms
in addition to the original function I (0) (r; ω) of Eq. (2.4), so that
Finally, the near-horizon expansion of Eq. (2.6) involves the terms
which display the same 1/x scaling as the Laplace-Beltrami operator, thus implying the existence of near-horizon scale and conformal invariance [26] . Strictly speaking, Eqs. (2.1), (2.3), and (2.6) are classical: they simply describe the spacetime behavior of the modes, governed by the classical action. In turn, they are needed in the field expansion of Eq. (2.2), where the quantum nature of the field Φ is carried by the operators a † s and a s . However, despite its apparent classical nature, the field equation (2.6) can be interpreted as an effective Schrödinger equation representing an associated quantum-mechanical problem. It turns out that this effective quantummechanical interpretation permits the use of standard techniques to evaluate the spectral functions; specifically, as we will see in Secs. 3 and 4, various equivalent forms of Eq. (2.6) are useful for the analysis of modes of the quantum field. By abuse of language, we will often omit the qualification "effective" when describing these "quantum" solutions; in particular, the behavior of the modes associated with the near-horizon terms (2.9) will be referred to as conformal quantum mechanics.
The second alternative path consists of explicitly introducing the spherical symmetry of the metric (1.4) directly from the outset, so that Eq. (2.3) turns into
where −l 2 = −l al a stands for the Laplacian on S D−2 , written in terms of angularmomentum operatorsl a (with a = 1, · · · , D − 2). At this level, the Liouville transformation [24, 25] φ(t, r, Ω) = χ(r) ϕ(t, r, Ω) , (2.11)
conveniently reduces Eq. (2.10) to the form
The extra terms associated with the transformation (2.11)-(2.12) imply that the function I(r; ω) in Eq. (2.13) is given by
where
and
is the radial component of the Ricci tensor for the metric (1.4). It should be noticed that the angular-momentum variables are not included in the effective potential (2.14).
The most important property of Eq. (2.14) is that its near-horizon expansion, (2) (r) = f (r) I(r; ω) − I (0) (r; ω) − I (1) (r) through another Liouville transformation [24, 25] , in addition to those in Eqs. (2.4) and (2.7). Specifically, establishing Eq. (2.13) from Eq. (2.6) requires rewriting∆ (γ) in terms of radial derivatives and the effective angular-momentum operatorl 2 =l al a . This flexibility to introduce angular-momentum operators at any stage will be used in our subsequent work.
Finally, for a complete identification of the set of orthonormal functions needed in Eq. (2.2), the angular dependence should be made explicit. This is done by introducing the spherical harmonics Y lm (Ω) as eigenfunctions of the Laplacian −l 2 on S D−2 ; accordingly, the state multi-indexed label becomes s = (n, l, m) and 18) where the Liouville transformation factor (2.12) was conveniently included. As a result, the radial equation takes the normal form
with
and where
The near-horizon expansion of Eq. (2.21) , including the angular-momentum term, becomes
Equation (2.23) displays two important properties: (i) The leading term can be interpreted as an effective interaction potential 24) which is an example of long-range conformal quantum mechanics [16] , in the highly singular strong-coupling regime.
(ii) The angular-momentum term, despite being of order O(1/x), is required for the correct statistical counting of modes leading to the thermodynamics. As we will see, this term will provide the precise phase-space contribution that is responsible for an entropy proportional to the horizon area A. Clearly, the inclusion of this term is tantamount to retaining the operator −l 2 /r 2 in Eq. In summary, in this section we have derived various equivalent forms of Eq. (2.1), which are required for the analysis of modes of the quantum field. It appears that the SO(2,1) conformal symmetry of the near-horizon physics carries all the relevant information for black hole thermodynamics [16] . Most importantly, the conformal parameter Θ, defined in Eq. (1.8), directly leads to the Hawking temperature (1.7).
A comment about our notation is in order. In this section, we have consistently kept track of the order of the corrections to the leading terms and found them to be of the form [1 + O(x)]. However, in subsequent sections, this notation will be simplified by not including the next-order correction factors.
We now turn to the central goal of this paper: a thorough analysis of these field equations using an improved semiclassical approximation.
Near-Horizon Generalized WKB Framework
We will now deal with the effective quantum-mechanical problem resulting from the separation of the time coordinate, as described in the previous section. As the emphasis will be on specific methods applicable to Hamiltonians in multidimensional curved space, we will henceforth adopt the notation d = D − 1 for the spatial dimensionality.
Our goal will be centered on the development of semiclassical techniques that generalize the standard WKB method. The ensuing framework will be associated with hierarchical expansions of the near-horizon type and will be subsequently used in Sec. 4 for the evaluation of the spectral number function in phase space.
Curved-Space Quantum Mechanics and Operator Ordering
The field equations derived in the previous section can be interpreted as describing an effective quantum-mechanical problem. Specifically, Eq. (2.6) is an example of d-dimensional curved-space quantum mechanics, in which the generic spatial metric γ jk ( x) is displayed in the Laplace-Beltrami operator or kinetic-like term. The time part of the original spacetime curvature present in Eq. (2.1) has been absorbed by the metric factors involved in the "potential" terms I (0) (r; ω) and I (1) (r) [given in Eqs. (2.4) and (2.7) respectively], which also include additional contributions from the spatial part of the metric.
Moreover, this effective quantum-mechanical formulation becomes more explicit when Eq. (2.6) is recast into the operator form
in whichĤ eff plays the role of an effective Hamiltonian. This formulation can be further developed by rewriting the operatorĤ eff aŝ
which is spatially covariant and symmetric. Moreover, Eq. (3.2) involves an effective generalized momentum that can be identified from the rule [27, 28] 
with ∂ j ln √ γ = Γ k kj given by an appropriate combination of connection coefficients. In Eq. (3.1), the function I( x) is a generic potential-like term that represents the particular spherically symmetric function I(r; ω) of Eq. (2.8).
For the effective curved-space quantum mechanics described by Eq. (3.1), it is well known that different operator orderings lead to different combinations of "kinetic" and "potential" terms [27, 28] . For a given operator orderingT of the factors in the first term of Eq. (3.1), additional potential-like terms −I (extra) ( x) are generated to satisfy the equationT
which is equivalent to Eq. (3.1). The extra terms can be collectively regarded as "quantum corrections" when (or another appropriate quantum parameter) is reintroduced in the field equations. Therefore, when the strict classical limit is taken, the precise form of T and of any extra terms in I (extra) ( x) become irrelevant. Accordingly, one could just as well investigate the phase-space description of a problem with an effective "classical" Hamiltonian
in lieu of Eq. (3.2), and disregard any attendant operator-ordering problems. Thus, within a classical or semiclassical framework, the condition
Not surprisingly, if the naive classical choiceĨ( x) = I( x) were made, the ensuing semiclassical approximation would generally fail to capture the essence of our singular problem, which requires an asymptotically exact identification of the leading contribution from the horizon. Fortunately, it is possible to introduce an approximation procedure that singles out the leading-order near-horizon physics, including its proper "quantum corrections," and correctly extracts the singular contribution from conformal quantum mechanics. Generically, this procedure replaces −I( x) by an improved semiclassical potential −Ĩ( x) that includes an appropriate selection of terms −I (extra) ( x) to reproduce the leading-order physics. It turns out that this procedure is a covariant multidimensional generalization of the Langer modification [29] of the semiclassical WKB approach. This crucial improvement, in the presence of an effective conformal interaction, leads to an asymptotically exact description of the relevant physics.
As we will show next, the improved WKB procedure can be implemented at different stages in the analysis of the field equations. As usual, one has to solve the equations for the modes by reducing them to lower-dimensional ones and taking advantage of the available symmetries, whenever appropriate. The symmetries of the metric (1.4) correspond to the existence of a timelike Killing vector field ∂ t , in addition to the Killing vectors associated with the rotational invariance of the (d − 1)-sphere S d−1 . The first symmetry (associated with ∂ t ) has been used in the transition from Eq. (2.1) to Eq. (2.3). The additional symmetries on S d−1 permit a simple reduction to a one-dimensional radial equation. The improved WKB method can be applied either to this reduced radial equation or to the original d-dimensional equation. As we will see, in the latter case, the radial reduction is bypassed and the ensuing spatial d-dimensional theory in phase space permits a more direct evaluation of the density of modes. We will consider each one of these procedures and show that they yield the same final answer: for the nonextremal metrics, the leading nearhorizon contribution is conformal, with an effective WKB conformal coupling proportional
Before we explore these alternative procedures, we have to set up the generalized WKB framework.
Covariant WKB Method: General Formulation
Given a d-dimensional equation of the form
we would like to develop an improved covariant WKB approximation. The improvement alluded to refers to the appropriate selection of a WKB wave vector to reproduce the original equation (3.7) as closely as possible. Even though the standard WKB method may be appropriate in a number of contexts, the existence of an improved algorithm was established by Langer in Ref. [29] , within the context of one-dimensional flat-space quantum mechanics. In this and the next subsection, we will appropriately generalize Langer's ideas by following an approach based on the hierarchy of terms resulting from a near-horizon or similar expansion in Eq. (3.7). As we will see, this rearrangement will permit a remarkably accurate description of the physics near a coordinate singularity, with the method becoming asymptotically exact as x → 0. Without loss of generality, one can start from a WKB-type solution 8) in which both the generic local wave number k j ( x) and the amplitude A( x) are real. This is known to be a first-order approximation in an expansion with respect to the "small" parameter , but may otherwise fail to be an exact solution of the original problem (3.7). Therefore, the question arises as to the error involved in using Eq. (3.8) as a solution to Eq. (3.7). An answer to this question can be established from the exact equatioň
satisfied by the function (3.8), where
Moreover, from the second term in Eq. (3.9), the variable
is recognized; then, if one identifies k ≡ p, Eqs. (3.6) and (3.11) imply that
a relation that will be used throughout the paper. The derivation of Eq. (3.9) involves enforcing the condition
which suppresses the terms associated with imaginary coefficients when the operator∆ (γ) is applied to Eq. (3.8). In the effective quantum-mechanical framework defined by Eq. (3.7), the attendant probability current is exactly given by j h = A 2 k h , so that Eq. (3.13) describes its "effective probability conservation." In turn, this condition permits us to evaluate formally Q( x) in terms of the simplified expression of Eq. (3.10).
In addition, for the function (3.8) to be path independent, the differential form k j dx j should be closed. Thus, in simply connected regions, this form should also be exact, so that k j ( x) = ∇ j W ( x). Moreover, W ( x) is recognized to be Hamilton's principal function to first order, so that it satisfies a Hamilton-Jacobi equation to that order. As a result of this assignment, the amplitude function A( x) can be derived from Eq. (3.13), which takes the form A 2∆ (γ) W + γ jh ∇ j A 2 ∇ h W = 0; in principle, this equation can be integrated along a "semiclassical trajectory" x = x(σ). Thus, defining the parameter σ from ∂/(∂σ) = γ jh k j ∇ h , i.e., so that dσ = dW/ ∇W 2 , the amplitude function A( x) becomes [30] A( x) = exp − 1 2 14) up to a normalization constant. Even though formal integration of Eq. (3.14) is possible along a semiclassical trajectory, a closed general solution to the problem only appears accessible through separation of variables. This separation procedure will be illustrated in Appendix B by enforcing the leading order of a generic radial hierarchical expansion. Ordinarily, the parameter Q( x) in Eq. (3.10) is simply treated as the "error" involved in approximating Ψ( x) with Ψ WKB ( x), so that the condition of applicability of this method is given by |Q( x)| ≪ k( x) 2 ; loosely speaking, in terms of the local reduced wavelength λ( x) = k( x) −1 , this condition requires the reduced wavelength changes to be small. However, when the behavior near x ∼ 0 is considered, as first proposed by Langer [29] , a modified form of the WKB approach provides more accurate results. In what follows, we will deal with this modification in a manner different from that of Ref. [29] . Moreover, we will do this within a covariant scheme that vastly expands the range of applications; crucially, this method can deal with the coordinate singularity in a straightforward manner. In this scheme, the additional term Q( x) in Eq. (3.9) is no longer treated as an "error;" instead, it is absorbed by the original function I( x) in Eq. (3.7), in such a way that Ψ WKB ( x) → Ψ( x). Therefore, from a comparison of Eqs. (3.7), (3.9), (3.11), and (3.12), it follows thatĨ
When this viewpoint is adopted, Eq. (3.15) can be regarded as an auxiliary differential equation, in which Q( x) actually depends upon the unknown functionĨ( x) and its derivatives; for this reason, the functional notation Q[Ĩ]( x) was adopted in Eq. (3.15). This procedure assumes that A( x) has been chosen to satisfy Eq. (3.13) and used in Eq. (3.10) to derive Q( x). In reality, the original problem has taken a considerably more complex form: Eqs. (3.10), (3.13), and (3.15) constitute a set of coupled partial differential equations. In this framework, Q( x) plays the role of a "quantum potential," while −Ĩ( x) and −I( x) can be regarded as the semiclassical and net potential terms respectively.
Even though an exact solution to the combined system of Eqs. (3.10), (3.13), and (3.15) is not generally available, its concurrent application with a hierarchical expansion yields a systematic approximation scheme. In the case of black hole thermodynamics, the nearhorizon expansion provides the required hierarchy. When such a hierarchical expansion is introduced, it follows that the resultant expressions can give solutions of asymptotic exactness, to leading order. This can be accomplished by taking Eq. (3.15) as the starting point of a successive-approximation schemẽ 16) which begins at zeroth order (n = 0) with the standard WKB approximatioñ
As we will show in the next subsection, the first-order approximation (n = 1) in Equation (3.16) is asymptotically exact with respect to a hierarchical expansion of the nearhorizon type. Thus, when x ∼ 0 is considered, all that is needed for the improved WKB method is to find the functionĨ( x) from 18) in which ∼ stands for the hierarchical expansion. Equation (3.18) defines the improved WKB method and this is the framework that will be adopted for the remainder of the paper. Finally, we can restate these results for effective Hamiltonians of the form (3.2), using the Hamiltonian language of operator reordering discussed at the beginning of the previous subsection. In this language, from Eqs. (3.12) and (3.15):
The improved WKB method selects the particular Hamiltonian ordering that amounts to the formal replacement
In other words, the subtraction of the "quantum potential" Q( x) from the potential term −I( x) produces an effective potential −Ĩ( x) that captures the leading-order physics of the full-fledged quantum Hamiltonian within a semiclassical approach.
This simple idea will be the crucial ingredient in Sec. 4 for the computation of spectral functions within an improved phase-space method. By contrast, as we will see in the next subsection, there are some cases when the modification introduced by Q( x) in Eq. (3.19) may be superfluous, in that the naive choiceĨ( x) = I( x) becomes asymptotically exact. We now turn to task of deriving the properties of this generalized framework in the presence of a hierarchical expansion. Most importantly, for the near-horizon physics of the nonextremal metrics considered in this paper, we will show that this framework is both mandatory and asymptotically exact.
Generalized WKB Framework in the Presence of a Hierarchical Expansion
The program outlined in the previous subsection, for a given effective Schrödinger equation (3.7), consists in the development of a systematic approximation scheme for the determination of asymptotically exact WKB-type solutions of the form (3.8). As we will see, this program requires a rearrangement of the relevant semiclassical variables and involves the resolution of several related problems. The need to develop this framework is dictated by one of the central goals of this paper: the evaluation of spectral functions using the phase-space methods of Sec. 4. For this purpose, an important parameter is needed: the functionĨ( x) defined by Eq. (3.11), which can be computed from Eq. (3.15) and leads to the successive-order scheme of Eq. (3.16).
Let us now consider a generic hierarchical expansion of which the near-horizon expansion will be a particular case, and let x be the associated expansion parameter with dimensions of length. In this subsection, we will use the symbol ∼ for the generic expansion [as in Eq. (3.18)], while we will subsequently revert to the symbol
∼ for the near-horizon expansion. Clearly, in the presence of such a hierarchy, the dominant physics is described with asymptotic exactness by the leading-order contributions of the main building blocks of Eq. (3.7): I(x) and∆ (γ) . This already suggests that one may attempt to modify the WKB method and turn it into an asymptotically exact technique. In the modified approach, the approximation scheme is naturally organized with respect to the small variable x characteristic of the hierarchical expansion, rather than with respect to a standard WKB parameter (which is ordinarily a small "quantum parameter" or a large wave number). Accordingly, the new method will have the ability to describe the relevant physics of the modes with a semiclassical appearance, but into a regime ordinarily not accessible by traditional semiclassical methods. As we will see, in its final form, a rearrangement of the relevant semiclassical variables takes place and "extra terms" are generated by Eqs. (3.15) and (3.18) .
Before establishing the main results of this generalized framework, a few definitions are in order. The leading scale dimensions of I(x) and∆ (γ) , as well as those of any other variables, can be defined in the usual way by isolating the leading-order terms and considering a rescaling x → λ x. The homogeneous nature of the leading-order terms in the coordinate frame selected by the expansion parameter x permits the identification of the exponents of the resulting power-law factors of λ. Specifically, introducing a conventional negative sign, the dimensions [∆ (γ) ] = −p and [I(x)] = −q can extracted from the expansionš
In Eq. (3.20) , the test function F (x) admits the expansion 22) while the function χ(s) plays the role of a normalization factor that depends upon the dimension parameter s associated with F (x). It is assumed that the expansions exist, with coefficients that may depend on the other coordinates that complete the characterization of these variables. A crucial scale dimension in the WKB generalized framework is that of Q(x), which can be determined from Eqs. (3.10) and (3.20) , by setting A ≡ F , so that 23) where the normalization function χ(s) is to be computed from the specific expansion of the operator∆ (γ) with respect to x. It is immediately apparent that the "quantum potential" Q(x) has the same scale dimension, −p, as the effective kinetic term represented by the Laplace-Beltrami operator. As a result, Eq. (3.15) defines the scale dimension of the semiclassical functionĨ(x) by selecting the leading order, i.e., [Ĩ(x)] = −min{p, q}.
In addition to the scale dimension displayed in Eq. (3.23), it is necessary to determine the correct the normalization prefactor χ(s), which is an appropriate function of the parameter s. Even though this function can be determined by a straightforward evaluation of the derivatives in Eq. (3.10), the actual value of s cannot be obtained from these equations alone. Instead, the continuity condition (3.13), combined with the definition (3.11), determines this value from its leading-order contribution with respect to the given hierarchical expansion. This procedure will be illustrated in the next subsection for the particular case of the near-horizon expansion.
The nature of the expansion leads to the three possible scenarios listed below. These cases result from a comparison of the scale dimensions of I(x) with respect to those of ∆ (γ) .
• Regular Case: Defined by q > p, so that I(x) only contributes at higher orders in the hierarchical expansion. Therefore, the physics near x ∼ 0 is determined from the Laplace-Beltrami operator alone and corresponds to the concept of a regular potential.
• Properly Singular Case: Defined by q < p, so that I(x) is dominant as x ∼ 0. This corresponds to the concept of a singular potential.
• Marginally Singular Case: Defined by q = p, so that I(x) competes with the LaplaceBeltrami operator at the same order in the hierarchical expansion. In the language of scaling, the problem has asymptotic scale invariance.
Therefore, within this generalized WKB framework, in the presence of a hierarchical expansion, asymptotically exact WKB solutions can be found for the singular cases q ≤ p. By contrast, the regular case can be solved directly from the Laplace-Beltrami operator as x ∼ 0, with the solutions being of a free-particle type approximated by a power-law format. In addition, for the singular cases, the generalized solutions can be found by the following specific methods:
1. The standard WKB method, which amounts to a negligible extra term Q( x), applies to the properly singular case. In this case, the required effective potential −Ĩ( x) is simply given by the original potential −I( x).
2. The improved WKB method, for which a nonzero Q( x) is included in the definition ofĨ( x), applies to the marginally singular case. In this case, the required effective potential −Ĩ( x) is given from the rule (3.19).
The latter, nontrivial case can be established by going back to Eq. (3.16) and verifying it becomes self-consistent at the n = 1 level, that is, in the form of Eq. (3.18). Moreover, substituting Eqs. (3.21) and (3.23) in Eq. (3.18), and defining c ( * ) = −χ(s), we see that the semiclassical parameterĨ(x) takes the form
Consequently, the nature of the modes changes around the coupling-parameter value c = c ( * ) ; for this reason, c ( * ) plays the role of a critical coupling, with the actual value of c selecting either a singular (supercritical) or regular (subcritical) behavior.
In conclusion, the leading contribution of any form of singular physics in quantum mechanics can be described with asymptotic exactness by the use of the generalized WKB method of this section. Surprisingly, the resulting asymptotic modes have a characteristic semiclassical appearance. As our analysis shows, the origin of this behavior can be traced to the dominance of the singular term I(x), which thereby drives the resulting modes to exhibit oscillations of unbounded frequency-this is a semiclassical feature. However, in the marginally singular case, the competing effects of the "quantum potential" cannot be neglected and are responsible for a correction that amounts to the subtraction of a critical coupling, as in Eq. (3.24). In particular, this general framework is especially useful for the marginally singular case of the near-horizon expansion, which will be applied to the two interesting situations described in Sec. 2: the multidimensional case and the reduced radial case; these are the problems to which we now turn.
Near-Horizon WKB Framework: Multidimensional Case
For the near-horizon physics defined by the metric (1.4), the multidimensional equation (3.7) describes the full-fledged spatial dependence of the modes. The leading order of the Laplace-Beltrami operator provides the near-horizon expansioň
for the metric (1.4). This implies that p = −1 (or∆ (γ) ∝ x −1 by abuse of notation); therefore, if A(x) admits an expansion of the form (3.22), the "quantum potential" becomes
Clearly, for the nonextremal metrics, the leading scale dimension of the parameter I(x) (H) ∝ 1/x is also equal to 1, thus showing that this is a marginally singular case. This is yet another argument that verifies that the near-horizon physics exhibits SO(2,1) conformal invariance. Accordingly, the semiclassical functionĨ(x) is given by Eq. (3.24) with a critical coupling
In addition, the value of the parameter s for the multidimensional case can be determined from the continuity equation (3.13), which yields the leading order of the amplitude through ∂ ∂x
so thatk
satisfies the relation
This result can be combined with Eqs. (3.11) and (3.12), in which the leading contributioñ
yields the amplitude scaling Finally, by applying the near-horizon expansion of Eq. (2.9), it follows that the leading term of the function I( x) needed in Eq. (3.7) is of the form
Moreover, Eq. (3.34) can be combined with Eqs. (3.18) and (3.33) to yield
The left-hand side of Eqs. (3.35) and (3.36) defines a semiclassical variablek that plays the role of an "improved" semiclassical wave number. Furthermore, the leading behavior ofĨ(x), exhibited in Eq. (3.36), is due to its covariant component k r ≡ k x , as shown by Eq. (3.31). Therefore, the chain of asymptotic relations
follows, in which the conformal wave number k conf (x) is defined by
In conclusion, this calculation shows that, in the presence of the near-horizon expansion:
1. The relevant covariant component of the momentum is the radial one because the angular-momentum terms only contribute at higher orders.
2. The conformal nature of the parameter k conf (x) can be understood from the fact that its scale dimension is identical to that of 1/x, with Θ being dimensionless. This guarantees that, in the near-horizon region, the relevant unregularized physics-as described by the improved WKB parameter-is scale and conformally invariant.
3. As shown in Eq. (3.37), and also in the next subsection, k conf (x) is the correct wave number to use within an improved WKB treatment of conformal quantum mechanics.
As we will see in Sec. 4, these concepts justify the use of k conf (x) as an input within the phase-space algorithms for the computation of spectral functions.
Near-Horizon WKB Framework: Reduced Radial Case
Equation (2.19) was derived through the sequence of exact Liouville transformations that defines the radial-reduction process. In turn, this exact equation can be solved within the semiclassical approximation by constructing a generic solution of the form (3.8). Then, the formalism of subsection 3.3 can be applied by reinterpreting the radially reduced Eq. (2.19) as a particular case of Eq. (2.6), with the corresponding one-dimensional Laplacian operator given by the exact expression
Incidentally, it should be noticed that the actual radial part of the Laplacian should include the prefactor f (r); however, in the sequence of transformations leading to Eq. (2.19), this factor was scaled away. As a result, the leading scale behavior of Eq. (3.39) is now given by "∆ (1D) ∝ x −2 " (by an abuse of notation). This scaling behavior can be easily verified with the use of a test function; in particular, for the "quantum potential,"
Moreover, the near-horizon leading form of Eq. (2.19) becomes
which corresponds to the effective conformal interaction (2.24) and implies that the onedimensional radial form of the function I( x) is
Accordingly, the generalized WKB framework, guided by the near-horizon hierarchical expansion, sheds light on the nature of the remarkable scale symmetry that underlies conformal quantum mechanics. In this radial setup, this is revealed by the fact that the scale dimensions of Eqs. (3.39), (3.40), and (3.42) are all identical and equal to 2 for the case of nonextremal metrics: the near-horizon physics is marginally singular. In addition, the value of the parameter s can be determined from the continuity equation in the reduced radial theory, whose leading-order term satisfies
for the one-dimensional analogue of Eqs. (3.11) and (3.12). In turn, this implies that
becauseĨ(x) ∝ 1/x 2 for the reduced radial case (as p = q = −2). In particular, Eq. (3.44) shows that s = 1/2, so that Eq. (3.40) turns into
which exhibits the critical coupling c ( * ) = 1/4. Once this value has been determined, the one-dimensional analogues of Eqs. (3.11), (3.12), and (3.18) imply that
where an "improved" radial wave number k α l,D (r) has been defined. Thus, Eq. (3.47) provides the necessary wave number for the familiar WKB wave functions
whose linear combination spans the general solution of the reduced one-dimensional case.
In conclusion, the conformal behavior
is identified as the leading term of the improved radial wave number. Two important remarks are in order:
1. The wave-number variablesk and k α l,D (r) are different. However, as displayed by Eqs. (3.37) and (3.49), their near-horizon leading contributions are identical and reduce to the simple conformal wave number defined by Eq. (3.38). In fact, as k α l,D (r) describes the radial problem, the identity k α l,D (r) = k x is expected.
2. When the angular-momentum degrees of freedom are to be included for state-counting purposes, Eq. (2.23) should be used. Thus, going back to Eq. (3.47), the required wave number becomes
(3.50)
In Eq. (3.50), the conformal wave number (3.38) is now modified by a competing angular-momentum factor.
Due to the significance of the main results of this and the previous subsection, in Appendices B and C, we offer an alternative derivation of the emergence of the conformal wave numbers of Eqs. (3.37) and (3.49), for the multidimensional and the radial case respectively. Moreover, such an approach, based on the behavior of the amplitude A( x) within the generalized WKB framework, also provides a more detailed bookkeeping of the associated "extra terms" leading to Eqs. (3.33) and (3.45). Furthermore, the derivation of Appendix C is taken as the starting point for an improved semiclassical treatment of conformal quantum mechanics.
Phase-Space Methods for Quantum Mechanics and Quantum Field Theory in Curved Spacetime
In this section we will develop phase-space methods generally applicable in curved spacetime. For that purpose, the generalized WKB framework of the previous section will turn out to be essential in the selection of the correct parameters for the leading-order physics near a horizon.
Thermodynamics and Spectral Functions
The methods to be developed in this section are motivated by the stated goal of describing the thermodynamics of black holes. In this context, the implicit thermal averages are realized through a remarkable consequence of the existence of a scale and conformally invariant near-horizon metric: a quantum field Φ acquires thermal equilibrium in the given black-hole background at the Hawking temperature T H defined in Eq. (1.7). A number of general arguments can be used to prove this property. The most straightforward approach consists in analyzing the near-horizon behavior of the metric [16] , with the result that the selection of thermal equilibrium at the temperature T H is required for the removal of a bolt singularity [31] in the Euclidean version of quantum field theory. Alternative arguments based on the method of complex paths are listed under Ref. [21] .
Once the temperature has been assigned the value T H of Eq. (1.7), it follows that all thermodynamic functions can be computed by the usual techniques. In particular, the entropy is given by the shorthand expression [16] 
in which β = (T H ) −1 and N (ω) is the spectral function
that measures the cumulative number of modes up to a given frequency ω, with the index s labeling these modes as in Sec. 2. Equation (4.2) can be evaluated for an effective Hamiltonian of the form (3.2) by using operator methods. In particular, the frequency dependenceĤ eff (ω) of the effective Hamiltonian is contained in the first term of I (0) (r; ω), as displayed in Eq. (2.8). Specifically from Eqs. (2.4), (2.7), and (2.8), I(r; ω) = ω 2 /f (r) + G(r), where G(r) is an ω-independent term. Here, as f (r) > 0 (outside the horizon r = r + ), I(r; ω) is a monotonic increasing function of ω, andĤ eff (ω) exhibits the opposite trend. More generally, the state counting in Eq. (4.2) can be implemented by following the ordering of frequencies as given by the ordering of values of the Hamiltonian, whenever the ω dependence of the operator −Ĥ eff (ω) is monotonic increasing [32] . If this condition is satisfied, Eq. (4.2) is equivalent to the operator equation In short, Eq. (4.1) dictates that the central problem of this approach becomes the computation of the density of modes and spectral function (4.3) . This is a formidable problem that demands the use of reliable approximation techniques. As we will see, semiclassical techniques give the right framework for an asymptotically exact description of the horizon physics associated with these statistical and thermodynamic quantities.
Phase-Space Method: Generic Techniques
The semiclassical approximation affords a convenient computational scheme for the spectral functions in the reduced quantum-mechanical theory. This scheme, which we will develop next, involves the use of phase-space techniques combined with the generalized WKB framework of Sec. 3.
Let us first establish the general approach for the state counting of a quantummechanical system in curved space. In general, the spectral functions should be measured with respect to an appropriate parameter ω labeling the continuous distribution of modes; of course, ω is the frequency in the problem discussed herein. Accordingly, the cumulative number of modes up to the value ω is given by Eq. (4.3) , whose semiclassical counterpart can be derived by counting the number of unit phase-space cells enclosed within a given ω-parametrized surface H eff ( x, p; ω) = 0. This is encoded in the normalized phase-space volume dΓ/(2π) d ; in turn, dΓ is the natural volume element in the symplectic structure of phase space, and is given by the Liouville measure, which in local Darboux coordinates takes the form [33] 
In what follows, we will write this canonical volume element in the shorthand form dΓ = d d x d d p, for which it is understood that d d p involves the covariant momentum components. Then, for a classical Hamiltonian H eff ( x, p), with a generic configuration-space metric γ ij ( x), the semiclassical cumulative number of modes becomes
The symbol ≈ will be used in this section to denote the semiclassical approximation before a hierarchical expansion is properly implemented. Moreover, in Eq. (4.4), the positioning of factors √ γ is selected for computational convenience, as discussed in Appendix D.
Let us consider an effective HamiltonianĤ eff (ω) whose momentum dependence is merely quadratic, as given by Eq. (3.2) . This is precisely of the form required for the analysis of the black-hole physics problem of Eq. (2.6). The Hamiltonian (3.2) describes a theory whose classical limit H eff ( x, p; ω) of Eq. (3.5) can be used for the calculation of the spectral function (4.4). Two distinct ways of evaluating Eq. (4.4) are possible: (i) the multidimensional approach, which is applicable to arbitrary Hamiltonians of the form (3.2); and (ii) the reduced radial approach, which is specific to central potentials in Eq. (3.2) .
The multidimensional approach expresses the spectral function (4.4) as a d-dimensional integral in configuration space by first integrating out all the generalized momenta simultaneously. This is accomplished by making use of Eq. (3.5) and evaluating the momentumspace integrals with the substitution rule (D.2). Then, the configuration-space integral becomes
γ is the d-dimensional spatial volume element and k( x) is defined fromĨ( x) via Eq. (3.12), in the generalized WKB framework. In particular, for the marginally singular cases,Ĩ( x) is given by the rule (3.19) , to be enforced via Eq. (3.18) in the hierarchical-expansion method. Therefore,
is the relevant physical quantity to use as an input for the spectral function N (ω) in Eq. (4.5). In essence, this is due to the fact that k( x) measures the spatial oscillatory frequency of the fields, with the effects of the "quantum potential" properly accounted for. Thus, the approximate integral (4.5) can be evaluated in the presence of a hierarchical expansion, in which case it takes an asymptotically exact form, with the symbol ≈ replaced by ∼. In addition, when the potential is spherically symmetric, so thatĨ( x) =Ĩ(r) (with an obvious abuse of notation), it will prove convenient to rewrite Eq. (4.5) as
is the covariant-component form of the radial counterpart of Eq. (4.6). The meaning of this particular quantity becomes more obvious when the radial reduced problem is considered, as will be discussed next. The reduced radial approach expresses the spectral function (4.4) as a one-dimensional radial integral in configuration space, combined with an explicit integral over the angularmomentum degrees of freedom, by making explicit use of the spherical symmetry of the Hamiltonian. This is accomplished by using the following four-step method. First, when the set of generalized polar coordinates x ≡ (r, θ 1 , · · · , θ d−1 ) is chosen, the conjugate momenta p ≡ (p r , ℓ 1 , · · · , ℓ d−1 ) satisfy the relation γ jk p j p k = γ rr p 2 r + ℓ 2 /r 2 , in which ℓ 2 = ℓ a ℓ a and ℓ a are the angular momenta (with a = 1, · · · , d − 1). Second, the radial momentum can be integrated out by means of the identity 9) where α l = ℓ 2 , whilek(r; α l ) is given bỹ 12) where the radial integral is to be carried out over an interval I bounded by the corresponding turning points. The derivation of the asymptotically exact version of Eq. (4.12) assumes that the improved wave numbers are used in the presence of a hierarchical expansion. Equivalently, this expression can be shown to follow independently from a direct application of the one-dimensional Sturm oscillation theorems [16] . In summary, the semiclassical phase-space procedures discussed in this section have number of remarkable features:
1. The local wave numbers k(r) andk(r) are the multidimensional versions of the semiclassical wave number. They are fully multidimensional in that they do not explicitly include angular-momentum variables.
2. The semiclassical wave numberk(r; α l ) is the covariant component p r of the radial momentum for this class of metrics. Correspondingly, k (r; α l )dr is a scalar.
3. In the presence of a hierarchical expansion, all the wave numbers should be used in their improved forms by the inclusion of the extra terms arising from the "quantum potential." These terms correspond to the difference between the effective potentials in the quantum Eq. (3.1) and in its "improved" classical counterpart (3.5).
4. The local wave numbers k(r) andk(r) are completely determined by conformal quantum mechanics in the near-horizon limit. Thus, this further verifies that the "extra" angular-momentum term in the WKB method [with local wave number k α,D (r)] merely serves as an effective cutoff to regulate the contribution from the angularmomentum degrees of freedom.
Phase-Space Method: Quantum Field Theory in Curved Spacetime & NearHorizon Physics
We now turn to the specific computation of the spectral number function N (ω) corresponding to our quantum field theory in curved spacetime. The starting point for the use of the equations of the previous subsection for the scalar field is the spatially reduced Klein-Gordon equation (2.6). Moreover, its reduced quantum-mechanical form (3.1) leads directly to the classical limit (3.5), which could be used directly for the computation of N (ω) in Eq. (4.4). This classical limit involves a simple Hamiltonian formulation that requires the modification (3.19) at the level of the effective potential. Consequently, 13) where the "quantum potential" Q(r) is required by the marginally singular nature of the near-horizon expansion for nonextremal metrics. Once Eq. (4.13) is established, the various approaches discussed in the previous subsection can be applied. In the multidimensional approach, the angular-momentum degrees of freedom are explicitly integrated out from the outset, along with the radial momentum. Thus, Eq. (4.13) leads directly to the counterpart of Eqs. (4.5) and (4.7), with the identification γ rr (r) = 1/f (r). In particular, in the near-horizon limit, Eq. (4.5) turns into 14) wherek(r) was evaluated from Eq. (3.37). In fact, Eq. (4.14) is identical to the anticipated Eq. (1.9); in these equations, the conformal wave number defined by Eq. (3.38) is weighted by the angular-momentum competing factors f ′ + x (d−1)/2 . As discussed in Sec. 1, even though these factors reduce the degree of divergence of the integral, the ensuing singular behavior can be ultimately attributed to the ultraviolet singularity of conformal quantum mechanics [22] . As a final step, the spectral number function can be computed from Eqs. (3.38) and (4.14), so that
where a is a cutoff for the variable r and B(p, q) stands for the beta function. The physical meaning of this cutoff and the associated renormalization of Eq. (4.15) are briefly discussed in Sec. 5 and more thoroughly analyzed in Ref. [16] . In a similar manner, for the reduced radial problem, the wave-number near-horizon expansion (3.50) turns the semiclassical spectral number function (4.12) into 16) where the Legendre duplication formula [34] permits the replacement
As a final step, in Eq. (4.16), the order of integration can be reversed; then, using a beta-function identity, Eq. (4.15) is reproduced again. This shows the equivalence of the reduced radial and multidimensional approaches. Incidentally, the argument presented in this paragraph provides a rigorous justification for the use of the conformal wave number (3.38) in Ref. [16] .
Bekenstein-Hawking Entropy from the Near-Horizon Expansion: Conclusions
In this paper we have illustrated the use of improved semiclassical techniques for the computation of spectral functions and derived the corresponding near-horizon expansions. The crucial result (4.15) is seen to be independent of the details of the semiclassical procedure involved. In other words, the order of the various steps has no effect on this physical observable. Unfortunately, as it stands, Eq. (4.15) appears to be divergent when the lower limit a approaches zero. This singularity can be traced to the scale invariance of the effective conformal interaction and is inherited by the thermodynamic observables. The cutoff a serves as a regulator and leads to the renormalization of the theory, as discussed in Sec. 1; this renormalization can be implemented geometrically by absorbing the coordinate assignment a into a distance or "elevation"
from the horizon. As shown in Ref. [16] , the various contributions to the entropy can be organized into the purely conformal factors and the angular-momentum factors. The interplay of these factors generates the familiar Bekenstein-Hawking entropy (1.1): the entropy is a (D − 2)-dimensional "hypersurface" feature and is induced by the horizon itself and inextricably tied to the conformal nature of the near-horizon expansion. Moreover, this result relies on the purely conformal characterization of β in terms of the Hawkingtemperature (1.7); in addition, the proportionality constant in Eq. (1.1) is obtained when
. This shows that the needed "new physics" of a full-fledged quantum gravitational theory arises from within an invariant distance of the order of the Planck length. Most importantly, we have established that the procedure that singles out the leading conformal behavior also provides a more satisfactory and systematic application of semiclassical methods. The robust nature of this result and the asymptotically exact semiclassical description of conformal quantum mechanics are somewhat surprising, given the presence of a coordinate singularity-hereby represented by singular effective interactions. Remarkably, all these techniques converge towards a unique result driven by the nearhorizon expansion and of a "holographic nature": the Bekenstein-Hawking entropy (1.1), thus selecting the horizon degrees of freedom that determine the thermodynamics. The fact that this universality is driven by the near-horizon symmetry is intriguing and its deeper geometrical meaning is not well understood. However, the robustness and simplicity of these properties suggest their possible origin from an even more fundamental principle of nature.
where the effective potential is
In the main text, we have often referred to −I( x) as the effective potential; Eq. (A. 3) shows why this agrees with the usual quantum-mechanical nomenclature, at least if the value E = 0 is selected. In any case, the choice of E is completely arbitrary and is of no consequence for the computation of observables; this is explicitly verified in Sec. 4. On the other hand, even though the value of the fiducial energy E is arbitrary, for an asymptotically flat space, it can be conveniently defined so that V eff ( x) → 0 as r → ∞; in that case, one could conventionally adjust it to E = ω 2 − m 2 , as can be verified from Eqs. (2.4), (2.7), (2.8), and (A.3); see Ref. [16] for additional details. Accordingly, from Eqs. (A.2) and (A.3), the generalized WKB framework requires an "improved" classical Hamiltonian
in which the effective potential
replaces V eff ( x), except in those cases when the standard WKB method still yields asymptotically exact results. As for the spectral functions, this fiducial or ordinary quantum-mechanical framework is in agreement with the treatment of Sec. 4. However, the correspondence is subtle, as the following argument shows. For a system with a HamiltonianĤ eff of the form (A.2) in quantum mechanics, the function
gives the number of modes up to an effective energy E. From Eq. (A.1), E −Ĥ eff = −Ĥ eff , so that Eqs. (4.3) and (A.6) are indeed identical,
However, the arguments of these functions are different, with the added difficulty that E is completely arbitrary. The subtlety herein involves the fact that the left-hand side of Eq. (A.7) is independent of E, while its right-hand side depends upon the parameter ω in the HamiltonianĤ eff . Accordingly, if the corresponding density of modes were defined (by taking derivatives), the two frameworks would produce very different functions [16] . Finally, the relation that defines k( x) fromĨ( x), which is obtained by reversing Eq. (3.12), assumes the familiar form 8) which is now generalized to include: (i) arbitrary curved spaces in quantum mechanics; (ii) a quantum potential within an improved WKB method that yields asymptotically exact answers.
where Eq. (B.5) was used with the leading behaviorĨ(r) ∝ r −2 ; this particular result is formally identical to the one to be discussed in Appendix C. The leading scaling I(r) ∼ I(r) + Q[I](r) ∝ r −2 is applicable to regular potentials as well as to the inverse square potential; instead, for properly singular potentials of the form r q with q < −2, the alternative leading scalingĨ(r) ∼ I(r) ∝ r q takes over (for which the standard WKB method applies). Specifically, for the radial description of regular and marginally singular potentials, Eq. (B.7) combines with the ordinary angular momentum barrier −I(r; l) ∼ l(l+ν)/r 2 to yield − [I(r; l) + Q(r)] ∼ (l + ν) 2 /r 2 , which formally amounts to the replacements 8) in the transition to the quantum theory and into the radial version of the theory. This is the reason for the systematic use of the variable α ≡ α l,D defined in Eq. (2.22). Starting at the semiclassical level, the replacement (B.8) involves the use of (l + ν) = (l − 1 + d/2) rather than l as angular-momentum variable. This shows that our expressions include the d-dimensional generalization of the Langer modification, which in its original form is usually stated as a replacement l → (l + 1/2) for the d = 3 case. Even though the dimensionally generalized Langer replacement is of no consequence to the near-horizon physics, we have used the variables (l + ν) and α l,D consistently throughout the text to allow for the comparison of our equations with their semiclassical counterparts in ordinary quantum mechanics.
C. Semiclassical Approximation within Conformal Quantum Mechanics
The long-range and spherically symmetric form of one-dimensional conformal quantum mechanics is described by the equation
where k 2 0 is the given energy value and the interaction potential is of the form −λ/x 2 , with Θ 2 = λ − 1/4. With this substitution [cf. Eq. (2.24)], Eq. (3.41) is equivalent to Eqs. (2.19) and (2.23) or the effective potential (2.24) with "zero energy," for sufficiently small x. As discussed in the main text, the effective dynamics arising from Eq. (3.41) is of great interest due to its attendant SO(2,1) symmetry. Remarkably, the main features of its solution near the "coordinate singularity" can be accurately described by means of the WKB method; more precisely, this method is asymptotically exact as x → 0. Due to the relevance of this surprising property for the treatment of black hole thermodynamics presented in the text, we will briefly outline the main results in this appendix.
The WKB functions of Eq. As discussed in Sec. 3.2, the parameter Q(x) in Eq. (C.3) is usually regarded as the "error" involved in the standard WKB approximation. In this one-dimensional case, it is easy to see that the condition |Q(x)| ≪Ĩ(x) would imply, in terms of the local reduced wavelength λ(x) = k −1 (x), that λ(x)[λ ′′ (x)/2] − [λ ′ (x)/2] 2 ≪ 1. However, for the behavior near x ∼ 0, the term Q(x) cannot be neglected, as seen from the general framework of the main text. Even though our approach appears to be different from that of Ref. [29] , with appropriate translations, both methods turn out to be equivalent. The improved procedure can be implemented for the conformal interaction by defining the WKB method for conformal quantum mechanics is an excellent approximation, becoming asymptotically exact as (i) k 0 → 0 or (ii) x → 0. In particular, near the coordinate singularity, this is the relevant regime of conformal quantum mechanics. Moreover, when this "hyperconformal" regime is realized, the physical scale k 2 0 becomes negligible and the wave functions (3.48) carry all the relevant information. This is precisely the case for Eq. (2.19), in its near-horizon limit displayed by Eq. (2.23).
In closing this appendix we point out that the asymptotic exactness of the WKB method can also be verified by a direct evaluation of the small-argument behavior of the Bessel-function solutions √ xJ ±iΘ (k 0 x) of Eq. (C.1). In effect, up to a proportionality constant, the leading order of these expansions is identical to the wave functions u (±) WKB (x) in Eq. (3.48). Moreover, when the limit k 0 → 0 is taken at the level of Eq. (C.1), the ensuing solutions x ±iΘ+1/2 are exactly reproduced by Eq. (3.48).
D. Phase Space: Momentum Integrals
This appendix summarizes a few mathematical results involving momentum integrals in the covariant phase-space formulation. These results are needed in Sec. 4 for the process of integrating out the momentum variables. In addition, we will derive a rule for the summation of angular-momentum degrees of freedom.
Due to the covariant nature of the variables p j , one can write
for the variable p that plays the role of a "radial distance" in momentum space. The metric γ jk ( x) depends only upon the configuration-space coordinates, so it is "constant" with respect to momentum integrations. However, it is needed to assemble momentumdependent scalars as in Eq. is the multiplicity of the eigenvalue of the angular-momentum operatorl 2 /r 2 . In Eq. (D.6), α max provides the "right turning point" with respect to whatever function is inserted in its integrand [i.e.,k(r; α l ) in Eq. (4.12)]. Clearly, this rule is a property of the (d − 1)-sphere S d−1 . Parenthetically, Eq. (D.6) is used in Ref. [16] for the derivation of the spectral function (4.12) using a different technique. It should be noticed that Eq. (D.6) could also be derived by making explicit the transition from a sum to an integral. This is based on the use of an approximate semiclassical expression 
